We derive the scalar potential in four spacetime dimensions from an eight-dimensional (R + γR 4 − 2Λ − F 2 4 ) gravity model in the presence of the 4-form F 4 , with the (modified gravity) coupling constant γ and the cosmological constant Λ, by using the flux compactification of four extra dimensions on a 4-sphere with the warp factor. The scalar potential depends upon two scalar fields: the scalaron and the 4-sphere volume modulus. We demonstrate that it gives rise to a viable description of cosmological inflation in the early Universe, with the scalaron playing the role of inflaton and the volume modulus to be (almost) stabilized at its minimum. We also speculate about a possibility of embedding our model in eight dimensions into a modified eightdimensional supergavity that, in its turn, arises from a modified eleven-dimensional supergravity.
Introduction
Extra dimensions appear in Kaluza-Klein (KK) field theory and gravity, supersymmetry and supergravity, string theory and brane world, mainly in the context of unification of particles and fields. It is, therefore, natural to study multi-dimensional cosmological models also, and relate them to the observed Universe. However, the progress in this direction was limited in the literature, because the observed Universe is four-dimensional, so that any multi-dimensional cosmological model has to end up with the effective four-dimensional theory that fits the FLRW framework and is consistent with observations. Extra dimensions unavoidably lead to extra scalar fields (called moduli) that must be stabilized. In addition, the mass hierarchy has to be satisfied as follows:
Moreover, extra dimensions usually open a lot of possibilities that should be constrained both theoretically and experimentally. This would imply interesting relations between the four-dimensional cosmological quantities and their higher dimensional counterparts, and offer a possible multi-dimensional origin of our Universe.
One of the well studied approaches in this direction is based on the modified f (R) gravity actions in higher dimensions with a warped product geometry, where R stands for the Ricci scalar in D > 4 spacetime dimensions. However, as was demonstrated in Refs. [1, 2, 3, 4] , the higher-dimensional (R + γR n − 2Λ) gravity models together with their spontaneous compactification to four dimensions do not lead to a successful phenomenological description of dark energy, because of a necessarily negative (induced) cosmological constant in four dimensions. These models also fail to describe the early universe inflation because of low values of the scalar index n s and the e-foldings number N e . Adding extra (matter) p-form fields with a Freund-Rubin-like compactification ansatz [5] can stabilize extra dimensions for a certain range of parameters [2] , but still does not lead to a successful phenomenology. In particular, the four-dimensional inflationary models based on the compactified (R + γR n − 2Λ) gravity in dimensions D < 8 were found to be not viable [4] . It raises a question about whether this situation can be improved by changing or relaxing some of the assumptions used in Refs. [1, 2, 3, 4] . It is also desirable to get the constraints restricitng the values of a higher dimension D > 4, the power n of the scalar curvature R in the modified gravity action, the value of the higher-dimensional cosmological constant Λ, and the rank p of a p-form field, if any.
In our paper [6] , we proposed a derivation of the viable inflaton scalar potential from the higher (D) dimensional (R + γR n − 2Λ) gravity, by giving up the condition of spontaneous compactificaton of extra dimensions and ignoring the moduli, i.e. just assuming that the compactification happened before inflation and it can be made spontaneous by adding some more fields. As a result, the inflaton scalar potential in four spacetime dimensions turns out to be dependent upon the parameters (γ, Λ, D, n), while the viable inflationary phenomenology requires
with the dimension D being a multiple of four. The condition (2) arises by demanding the existence of a plateau with a positive height for the inflationary scalar potential, as is apparently favoured by the Planck mission observations [7, 8, 9] , and is the case in the famous Starobinsky inflationary model [10] , though is in contrast to Refs. [1, 2, 3, 4] where the scalar potential was demanded to vanish before the onset of inflation. Our results were significantly enhanced in Ref. [11] where a spontaneous compactification and stabilization of the volume of extra dimensions was achieved by adding a single (p − 1)-form gauge field having a non-vanishing flux in compact dimensions and obeying the condition
In this paper we extend this analysis in the first relevant higher dimension D = 8, and consider an embedding of the D = 8 modified gravity model into a (modified) D = 8 supergravity.
Our paper is organized as follows. Our modified gravity model in D = 8 is formulated in Sec. 2. Also in Sec. 2 we consider the Freund-Rubin-type compactification of our model on a 4-sphere down to four spacetime dimensions, derive the scalar potential, and stabilize the volume modulus of the compact dimensions described by the 4-sphere. In Sec. 3 we apply our model to a description of cosmological inflation in the early Universe. In Sec. 4 we speculate about a possible embedding of our model into a modified D = 8 supergravity. Sec. 5 is our conclusion. We collect all technical details into four appendices: appendix A is devoted to the Legendre-Weyl transform of the modified gravity model to the Einstein frame in 8 dimensions; appendix B describes the Freund-Rubin-type compactification of the transformed action to 4 dimensions on a 4-sphere, it includes a derivation of the two-field scalar potential in four dimensions; appendix C is devoted to a detailed study of the scalar potential in 4 dimensions; appendix D is devoted to a (partial) derivation of the (modified and gauged) D = 8 supergravity from a modified D = 11 supergravity by compactifying the latter on a 3-sphere.
The D = 8 model and its D = 4 compactification
The f (R) gravity in four spacetime dimensions is the standard theoretical approach in modern cosmology, capable of describing both cosmological inflation in the early Universe and dark energy in the present Universe -see e.g., the reviews [12, 13, 14, 15, 16] and references therein. The basic idea is to replace the scalar curvature R in the Einstein-Hilbert (EH) gravity action by a function f (R) obeying certain physical requirements in the relevant range of its argument R, such as the absence of ghosts and tachyons, in order to fit the (observed) accelerating Universe.
The distinguished property of f (R) gravity theories is their classical equivalence (duality) to the scalar-tensor gravity theories [17] , which is known for the long time -see e.g., Refs. [18, 19, 20, 21, 22, 23, 24, 25, 26] . The existence of this (Legendre-Weyl) transformation relating these apparently different gravity theories is guaranteed by the physical conditions on the f (R)-function, namely, positivity of its first and second derivatives (in the proper notation, and in the relevant range of the scalar curvature values).
The simplest and, perhaps, most famous f (R) gravity model of Starobinsky [10] is defined by the action
The Starobinsky model is known as an excellent model of inflation, in very good agreement with the Planck data [7, 8, 9] . On the one hand, any viable inflationary model with f (R) = R +f (R) gravity must be close to the Starobinsky model (4) in the sense of havingf (R) = R 2 A(R) with a slowly-varying function A(R). The Starobinsky model is also known as an attractor for inflation [27] . On the other hand, any (R + γR n ) gravity model in D = 4 with an integer power n higher than two is not viable for inflation [28] . The only real parameter M of the Starobinsky model can be identified with the inflaton mass, whose value is fixed by the observational Cosmic Microwave Background (CMB) data as M = (3.0 × 10 −6 )( 50 Ne ) where N e is the e-foldings number. The corresponding scalar potential of the (canonically normalized) inflaton field φ (dubbed scalaron in the given context) in the dual (scalar-tensor gravity) picture reads [30] 
This scalar potential is bounded from below, has a Minkowski vacuum and a plateau of a positive height for slow roll inflation. During the inflation the scalar potential (5) is simplified to
where we have kept only the leading (exponentially small) correction to the emergent cosmological constant V 0 = . It is the demand of having a plateau for the scalar potential in higher D dimensions that results in the condition (2) [22, 6] . But it is still insufficient for moduli stabilization that requires at least one p-form field obeying the condition (3) [11] .
Therefore, our minimal model in D = 8 is defined by the action
(7) It depends upon two fields, a metric g AB and a 3-form gauge potential A ABC , whose field strength 4-form is F = dA, and has three parameters: the gravitational mass scale M 8 , the (modified gravity) coupling constant γ 8 > 0 and the cosmological constant Λ 8 > 0, all in D = 8 dimensions -see Appendix A for more details.
Applying the Legendre-Weyl transform to the action (7) in D = 8 results in the dual (classically equivalent) action (see Appendix A for its derivation)
depending upon three fields, the Weyl transformed (new) metricg AB , the 4-form F = dA, and the real scalaron f (X) having the scalar potential
in terms of the (dimensionless) coupling constants
The dual action (8) has the standard form of Einstein's gravity coupled to the matter fields (f, A) and having the scalar potential (9) in D = 8. This scalar potential has a plateau of the positive height a −2 for large positive values of f . Let us consider a compactification of the D = 8 theory (8) on a 4-sphere S 4 with the warp factor χ, down to four spacetime dimensions, i.e. in a curved spacetime with the local structure
The 8-dimensional coordinates (X A ) can then be decomposed into the 4-dimensional spacetime coordinates (x α ) with α = 0, 1, 2, 3, and the coordinates (y a ) of four compact dimensions of S 4 , with a, b, . . . = 1, 2, 3, 4. The compactification ansatz reads ds
where g αβ = g αβ (x), g ab = g ab (y) and χ = χ(x). This compactification results in the following D = 4 action (see Appendix B for its derivation):
of three fields: a metricĝ αβ (x), the scalaron f (x) and the S 4 (volume) modulus χ(x), with the scalar potential depending upon the parameters (a,Λ 8 ) and the 4-form gauge field strength flux F defined by the integration
over the S 4 . The full two-scalar potential in D = 4 thus reads
We have restored the reduced Planck scale M Pl in Eqs. (13) and (15) for reader's convenience. The scalar potential (15) is investigated in detail in Appendix C. It has a stable Minkowski vacuum and a plateau with a positive height provided that
where the inequality on the right hand side is also needed to ensure a positive mass squared of the modulus χ at the onset of inflation -see Eq. (89).
For generic values of δ in Eq. (16) one gets a two-field inflation. However, the modulus χ is strongly stabilized when δ 1 that implies only a small shift of the minimum of χ during inflation, from χ c to χ 0 , as
and results in a single-field inflation driven by the inflaton (scalaron) f in D = 4. The physical hierarchy of scales in Eq. (1) can be satisfied provided that
where we have used the KK scale
with the warp factor due to the compactification ansatz (11) and (12) . The mass condition mf
that is already satisfied due to (16) . However, it is not possible to get a stronger condition mf 0 mχ 0 . A profile of the scalar potential in D = 4 is given in Fig. 1 . It should be mentioned that the cosmological constant in D = 8 is given by Eq. (67) that implies
where we have used Eq. (10) also. In particular, it means that δ cannot vanish. 3 Towards a supergravity embedding of our model
In this Section we explore a possibility of embedding our 8-dimensional model (7) into a D = 8 supergravity. First, supergravity may be the natural origin of the p-form field because higher-dimensional supergravities usually include such fields. Second, the supergravity extensions of modified gravity certainly exist in D = 4 [15, 31] , and they should also exist in higher dimensions D ≤ 11. Unfortunately, to the best of our knowledge, no fully supersymmetric extension of any (R + R 4 ) gravity in higher (8 ≤ D ≤ 11) dimensions was ever derived, so that our investigation in this Section cannot be fully consistent and compelling, unlike that in the previous Sections. Moreover, any standard (two-derivative) supergravity theory does not allow a positive cosmological constant in its action (it would break supersymmetry), so that the origin of the cosmological consant in D = 8 can only be either due to a spontaneous supersymmetry breaking or/and some nonperturbative effects. So, this Section ends up with a conjecture.
A good starting point of this investigation is the maximally supersymmetric D = 11 supergravity, because of its uniqueness. It can be modified by the quartic scalar curvature term and then compactified down to D = 8 on a compact manifold (3-sphere S 3 ) -see Appendix D for details. Moreover, the SO(3) non-abelian isometries of the S 3 can be gauged, thus producing the non-abelian gauge fields and a scalar potential in D = 8. Taken together, it leads to the bosonic part of the (modified and gauged) D = 8 supergravity action, having the form (108),
in terms of the following D = 8 fields: a metric g µν , dilaton φ, the SO(3) gauge field strength F α µν , the vector fields P µij , the 4-form gauge field strength G µνρσ and (5 + 1) scalars (T, B) whose scalar potential is
The supergravity (21) has the required quartic scalar curvature term and the gauge 3-form kinetic term given by the gauge field strength 4-form squared, while the abelian vector fields P µij are merely the spectators here. Hence, (21) could be the supersymmetric extension of our action (7) provided that (i) the dilaton φ is stabiized, and (ii) a positive cosmological constant is generated. One usually assumes in the literature that the dilaton potential is generated by quantum non-perturbative corrections beyond the supergravity level. And the cosmological constant may be generated by the non-perturbative vacuum expectation value
Unfortunately, we do not have means to compute the dilaton vacuum expectation value and the gluon condensate (23) in D = 8.
Inflation
Once the modulus χ is strongly stabilized (Sec. 2), the inflaton potential (15) takes the form (M Pl = 1)
with λ = 2a
. This potential has the absolute minimum at
where it vanishes in the Minkowski vacuum. A profile of the scalar potential (24) is given in Fig. 2 . During inflationary slow roll along the plateau, the scalar potential (24) can be approximated as
This value of α determines the key observational parameter r related to primordial gravity waves and known as the tensor-to-scalar ratio, The Planck data [8] sets the upper bound on r (with 95% of CL) as r < 0.08. It implies
while our result (27) is clearly above this bound.
As regards the other CMB spectral tilts (the inflationary observables), the scalar spectral index n s and its running dn s /dlnk, their values derived from the potential (26) are
i.e. they are the same as in the Starobinsky model (4) and (5). The microscopic parameters of our model can be easily tuned to get the same inflaton mass M , so that our effective inflationary model obtained from the higher (D = 8) dimensions is almost indistinguishable from the orginal Starobinsky model having α s = 2/3.
When a conventional matter action is added to our gravity model, Weyl rescalings of the metric result in the universal couplings (via the GR covariant derivatives) of inflaton f to all matter fields with powers of exp (−ακ 4 f ). The value (27) of α derived from D = 8 is only slightly different from the Starobinsky value α s = 2/3, while all the matter couplings to the scalaron are suppressed by the Planck mass. Therefore, the impact of higher dimensions on the inflationary observables and reheating is negligible in our approach.
Conclusion
Our main results are summarized in the Abstract.
We used the Starobinsky inflationary model of the (R + R 2 ) gravity (4) in four dimensions as the prototype for deriving the new inflationary models from higher dimensions. Among the advantages of this approach are (i) its geometrical nature, as only gravitational interactions are used, (ii) consistency with the current astronomical observations of CMB, (iii) the clear physical nature of inflaton (scalaron) as the spin-0 part of metric. In this paper we focused on D = 8 dimensions only. In our scenario, the Universe was born multi-dimensional, and then four spacetime dimensions became infinite, while the others curled up by some unknown mechanism before inflation. The inflation happened after the compactification and the moduli stabilization.
In higher-dimensions, it turned out to be necessary to include a cosmological constant and a gauge (form) field, with the strong conditions on the higher dimension, the power n of the scalar curvature and the rank of the form, see Eqs. (2) and (3). The moduli stabilization and the scale hierarchy are also possible to achieve, while both are non-trivial in the present context. It may also be possible to embed our D = 8 modified gravity model into the modified D = 8 supergravity and, ultimately, into the modified D = 11 supergravity.
As regards the observational predictions of our model, it leads to the certain value (28) of the CMB tensor-to-scalar ratio that is, however, only slightly different from that of the original Starobinsky model.
Our results may be used for studying inflation and moduli stabilization in more general frameworks, such as unification of fields and forces, KK theories of gravity, supergravity and superstrings, and braneworld. 
where we have introduced the gravitational coupling constant κ 8 of (mass) dimension (−3), the (modified gravity) coupling constant γ 8 > 0 of (mass) dimension (−6), and and the cosmological constant Λ 8 > 0 of (mass) dimension (+2), all in 8 dimensions.
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The action (31) can be rewritten to the form
where we have introduced the new scalar field B. The field B enters the action (32) algebraically, while its "equation of motion" reads
Substituting it back into the action (32) yields the original action (31) . Hence, the actions (31) and (32) are classically equivalent. In order to transform the action (32) to Einstein frame, we apply a Weyl transformation of the metric with the spacetime-dependent parameter Ω(X) in 8 dimensions,
where we have introduced the new spacetime metricg AB . As a result of this transformation, the (Ricci) scalar curvature gets transformed as
where we have introduced the notation
and the covariant wave operator 8 = D A D A in 8 dimensions. The Weyl-transformed (and also equivalent by the field-redefinition (34)) action reads
Hence, the action in the Einstein frame is obtained by choosing the local parameter Ω as Ω 6 = e 6f = 1 + B .
After ignoring the total derivative in the Lagrangian, it yields
Let us redefine the coupling constants in 8 dimensions as
in terms of the new (mass) parameter M 8 > 0 of dimension (+1), and the dimensionless parametersΛ 8 and a > 0. Then the action (39) takes the form
with the (dimensionless) scalar potential
Given an 8-dimensional action of the 4-form F (the totally antisymmetric gauge field strength F = dA of a gauge 3-form potential A) in the form
the F has (mass) dimension (+1), and the A is dimensionless. Under the Weyl transform (34), the Ω-factors are cancelled against each other, so that the action (43) remains unchanged,
The action of our model in 8 dimensions is defined by
Appendix B: Freund-Rubin-type compactificaton
In this Appendix we consider the compactification of the theory (45) on a 4-sphere S 4 with the warp factor χ, down to 4 spacetime dimensions. We separate the 8-dimensional coordinates (X A ) into the 4-dimensional spacetime coordinates (x α ) with α = 0, 1, 2, 3, and the coordinates (y a ) of four extra (compact) dimensions with a, b, . . . = 1, 2, 3, 4.
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We use the standard compactification ansatz
where g αβ = g αβ (x), g ab = g ab (y) and χ = χ(x), with the normalization
Taking into account the S 4 Euler number equal to 2, yields
where R y is the scalar curvature of the sphere S 4 . The decomposition (46) also implies
where we have introduced the Ricci scalar R and the generally covariant wave operator = g αβ ∇ α ∇ β in four spacetime dimensions. The volume V of four (compact) extra dimensions is given by
so that the warp factor χ can be identified with the volume modulus of the sphere S 4 . A substitution of Eqs. (46), (49) and (50) into the action (41), and an integration over the compact dimensions by using Eqs. (47) and (48), lead to the action
where we have introduced the vacuum expectation value χ 0 = χ 0 = const. 5 Our results in this Appendix fully agree with Ref. [11] .
The action (52) is still in a Jordan frame, so that the wrong sign of the kinetic term of the field χ is not necessarily a problem. The Weyl transformation with the parameter h(x) to the Einstein frame is given by
It implies
and
Accordingly, the action (52) gets transformed to
with the physical signs in front of all the kinetic terms. This also fixes the fourdimensional (reduced) Planck mass as
Therefore, we have
Similarly, applying the compactification ansatz (46) to the 4-form action (44) in 8 dimensions yields
After defining the (dimensionless) flux parameter F 2 as
and using the Weyl transformation (53), the action (59) reduces to
The total action in 4 dimensions is given by a sum of Eqs. (58) and (61),
The canonical scalar fieldsχ andf are thus given bŷ
and the two-scalar potential in 4 dimensions reads
Appendix C : study of the scalar potential
In this Appendix we investigate the scalar potential (64) in four dimensions. It depends upon two fields, the inflaton f and the modulus χ, and has three parameters (a −2 , F 2 ,Λ 8 ) originating from eight dimensions (see appendices A and B).
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The potential (64) has a Minkowski vacuum (f 0 , χ 0 ) defined by the equations
The solution to these three equations is given by
together with a condition of the parameters,
where we have used the third relation (40) betweenγ 8 and a. The second derivatives of the scalar potential (64) at the critical point (66) determine the masses of the canonically normalized scalars (63) as
6 A partial analysis of generic potentials arising in the same way from any dimension D = 2n was done in Ref. [11] . We get more results for D = 8.
where we have used (67) also. Equations (67) and (68) imply the same condition
for both the existence of a Minkowski vacuum and its stability, respectively. At the onset of inflation (f = +∞), the scalar potential of the modulus χ is given by M −4
that only depends upon two (free) parameters (a −2 , F 2 ). The critical points of the potential (71) are determined by the condition
that has the form of the depressed quartic equation
The quartic discriminant is given by
while writing down an explicit solution to (73) depends upon the sign of ∆ 4 . By using the auxiliary (Ferrari's) resolvent cubic equation
we can factorize the left-hand-side of the quartic equation (73) as
Because each term in the first factor is positive in our case, we get a quadratic equation from the vanishing second factor whose two roots are given by
These two roots precisely correspond to the existence of a local (meta-stable) minimum and a local maximum of the potential (71), with −∞ < χ min. < χ max. < +∞.
The cubic discriminant ∆ 3 = 4r 3 − 27(q 2 /8) 2 of the depressed cubic equation (76) is simply related to ∆ 4 as
When ∆ 3,4 ≥ 0, three real solutions to the cubic equation (76) are given by the Vieté formula
where
while we should choose the highest (positive) root. The condition ∆ 3,4 ≥ 0 implies
When ∆ 3,4 ≤ 0 or, equivalently, F 2 /γ 8 ≤ 27, the angle (81) does not exist. Instead, we should use the Vieté's substitution in Ferrari's equation with
that yields a quadratic equation for w 3 ,
whose roots are
Going back to the critical condition (72) in the form
and inserting it into the potential (71) yields the height of the inflationary potential V plateau at the onset of inflation,
Demanding its positivity, V plateau > 0, gives us the restriction (70) again. The second derivative of the potential (71) at the critical point (72) is given by
Its positivity (stability) implies
Taken together with (70) and (82), this implies that the values of the ratio F 2 /γ 8 have to be restricted as follows:
Because
, it is instructive to investigate the case of 0 < δ 1 describing the strong stabilization of the modulus χ. In this case, (66) and (86) give rise to
leading to a single-field inflation driven by inflaton (scalaron) f indeed. The physical hierarchy of scales (cf. Eq. (1)) reads
The KK scale in our case is given by M KK ≈ e −χ 0 M Pl , where the presence of the warp factor is dictated by the compactification ansatz (46).
because of (66). The condition mχ 0 M KK implies
that is slightly stronger than (93). Both conditions can be easily satisfied by taking F 
Appendix D : D = 8 gauged supergravity
The D = 8 supergravity (with 16 supercharges) received relatively little attention in the literature versus the supergravities in D = 10 and D = 11. For our purposes, we need a D = 8 supergravity modified by the quartic scalar curvature term and having a scalar potential. In this Appendix we recall the SU (2) gauged N = 2 supergravity in D = 8, which was derived by Salam and Sezgin [34] by using the Scherk-Schwarz-type dimensional reduction [35] of the 11-dimensional supergravity [36] . The 11-dimensional supergravity [36] is unique, so that it is the good point to start with. Its standard action is well known, while its existence can be related to the existence of the 11-dimensional supermultiplet containing the 11-dimensional spacetime scalar curvature R among its field components. Therefore, there is little doubt that the (R + R 4 ) supergravity action in D = 11 also exist, though (to the best of our knowledge) it was never constructed in the literature. So, assuming its existence, we write down the relevant part of its bosonic terms as
where we have simply added the quartic curvature term (with the coupling constant γ) to the standard bosonic action of the 11-dimensional supergravity. Of course, adding the R 4 term also requires adding its supersymmetric completion that is going to result in more bosonic terms in the action. However, because all extra terms are going to be the higher-derivative couplings of the bosonic 3-form field, also non-minimally coupled to gravity, we assume that these extra couplings are irrelevant for the scalar sector of the theory (see below).
8
As regards our notation, we denote E ≡ det E M A in terms of an elfbein E M A in D = 11. Here we denote the 11-dimensional Lorentz indices by early capital latin letters as A, B, C, ..., while the middle capital latin letters M, N, P, ... are used for the 11-dimensional Einstein (curved) indices. Theκ is the gravitational constant in D = 11. The scalar curvature R is defined in terms of the spin connection
where ω A ≡ η BC ω BCA and η AB is Minkowski metric in D = 11. The 4-form field strength G ABCD is defined in terms of the 3-form gauge potential V ABC as
To dimensionally reduce the modified D = 11 supergravity to eight dimensions on a sphere S 3 , we use the ansatz [34] 
where we have introduced the 8-dimensional Lorentz indices a, b, c, ... and the 8-dimensional Einstein indices µ, ν, ρ, ..., as well as the 3-dimensional (compact) Lorentz 7 We use the spacetime signature (−, +, +, ..., +) in D = 11. 8 It is worth mentioning that our approach is apparently different from M-theory, because we treat the R 4 term nonperturbatively, so that its presence leads to the new physical degrees of freedom in D = 11, which are absent in the standard D = 11 supergravity, similarly to the (R + R 4 ) gravity in lower dimensions. The Scherk-Schwarz dimensional reduction is used to gauge symmetries of a compact manifold in the reduced theory by allowing the fields to depend on the compact coordinates [35] . Let us denote the non-compact coordinates by {x}, and the compact coordinates by {y}, and then factorize the y-dependence as 
where U α β (y) are elements of the gauge group SU (2) in our case. The SU (2) structure constants
are y-independent, where we have introduced the SU (2) gauge coupling constant g and the 3-dimensional Levi-Civita tensor ε αβγ . Substituting the ansatz (99) into (96) reduces the spin connection components as [34] ω abc = eκ φ/3 (ω abc − 
where we have used the notation
with P µij representing the symmetric part of the r.h.s. of (103), and Q µij representing the antisymmetric part. The fields L i α are subject to the relations [34]
where g αβ is the metric of the compact manifold (S 3 ). As regards V ABC and G ABCD , their relevant components are 
where U (y) ≡ det U α β (y), T ≡ T i i , R is the 8-dimensional scalar curvature and the dots stand for irrelevant terms. Since the only y-dependent function is U (y), one can perform y-integration with 
whose scalar poitential is given by [34] 
